Coupled Wave Equations in Magneto-Ionic Theory by Banerjee, S K & Khastgir, S R
347 
(6) 
". (5\ g:t;2 ::::, ]{ • 9 I r 
1 sin- </>+K2 cos2 ¢+2L sin¢ co&¢==' l- ~'- 
Pi::::: G ~ --v1+02 
' 
llere Ji) 
"e ,. ant] ]!,' t . of the electric 
ctor, the . 11 are thl· normal and the abnormal componcn ,s . ? The 
s.Y11 l cl1recti f z 1· ti n (See F111. ~)- 
1 lo]ig in (1) on ° propagation being along tho :;·C ireo ID 0 
and (l.l) have the following significance: 
'lo2 :::::o ]( • 0 r . .. (4) 
l cos· ¢>+K2 sin2 </>-2L sin¢ cos <P = 1- ~ 
... (3) 
UJ1d U :::::: 27T r. 
·X Z, ,\ being the wavelength in free-space. 
... (2) 
•.. (1.l) 
<l2W ... 
di?f +(q/-¢2)JV =-2~Ji-¢v (for the X-mocle) 
V and w ' arc the propagation vectors defined by : 
1' E +J·P E = b'.c cos </>+jEu sin</>= x--~ 
,!l+P12 
IKTR ODUCTION 
13y rotat· · B .: and Q mg the co-ordinate system through a complex angle <P Saha,. anerjea 
nha ( l 951 ) I t · · · f I Ii · · · Pagat· o J a med the following wave-equations or tie rar 10-\1 U\ e p10- 
1011 Vert· II if l . I . ica Y at any latitude through a horizontally strati. cc ionosp iere : 
d~V 
'd'"0 +(rJo2-~2) V = 2¢ Ji' +¢JV (for the 0-mode). ··· (l) 
BOSE lNSl'ITUTE, CALCUTTA 
(Received. .May 15, 1964) 
ABSTRACT I · b S I ilnn .· · t, has been shown that, the coupled W1IVO·eq11at.1ons deduced Y a ia, 
O!Jea and a I ( . unct 1 u 1" (1U51) are incorrcctlp labelled. The wnve-polariznt ion of tho radio-wave 1· 10 relations I . . · · d d f· ti ~oupled )Ct\\een the electric and tho magncuc fields have been de uce tom 10 
"'11 ,.o.cquat ions. 
S. K. BANERJEE AND S. R. KHASTGIR 
34 
COUPLED WAVE EQUATIONS IN MAGNETO~ 
IONIC THEORY 
348 S. K . Banerjee and 8 . R . Khastgir
G = -co i2< j) = 2ju
<0.
K  =  I -  r K  =- 1 -  L -
^  c' ’  ^ c' ’ c'
c' =  /y'(//'2— (O'*)— r(/y"‘* - w / ) ,  tOj, =  CO sin fl. co^  — co cos <7 
, . V Tin f H Pr^  AnNe^
P ■= 1 -J  -  . (') =  -■ , Ph =  ’ r ^  \ =  - ..p p me j> mp-
dV ,f, I =  , , 1^
du
dW ^ dpjdu 
du ’ ^ 1-1/?*
(7)
C O M ]• J. E X E K E li A C T I V E  J X U E X
The well-known Appleton-Hartree fonnula (1927. 1929) for tlie squares of 
conipk'x refractive index q is giv'en by
q^^l-\ 1 (•S)
( a + j /n - ^ T V ____ _ j j  ,.7 3 -V
 ^ ’ 2( 1 I a + jp ) \  4(1 +a-(
Tlie upper powtiv’^ e sign before the radieal in e([. (S) n f^ers to the extraordinary 
mode and the lower m’^ gative sign to the ordinary mode.
The notations in (8) are :
a Pq^ ^  4nNe^/m, fi ^  p^lp,f
y PPulVi^y Pii == eHjmc, -= y  cos 0, y,^ , - - y sin i)
Avhere
V — electron collisional frec[U(‘ney 
H ^  intensity of the earth’s magnetic field 
R, m =  charge and mass of an electron 
c =  velocity of light in vacuum, 
p ^  angular frecpiem^y of thc‘ wave, 
iV =  electron number density
and 0 angle between the direction of propagation of the radio-wave and the 
positive direction of the earth’s magnetic field.
In terms of the U.R.S.1. notations, Eq. (8) corresponds to :
r / = l ~
\—j z — I /[  __ ,-4 -y ,2 l
•>/i V ± V L  4 ( i - x - j Z ) ‘‘ J
. . .  (8.1)
Coupled Wave Equations in Magneto-Ionic Theory 3 4 D
The notations in Ef). (8.1) are :
X -= , Y,
come Z
V
0)
Tlio angular freciuonoy co of radio-wavo is tho same as p in the old notation. 
Associating the phis sign Indore the raflicjal in E(j. (S,l) with the ordinary mode 
and the minus sign with the exiraordinary moih  ^ (Rateliffe, 1962), it can be easily 
shown that the minus sign heton  ^ the radical in Et|. (tS) corresponds to the ordi­
nary mode and the plus sign to the extraordinary mode, so that, following the old 
notations we got for the O-modo :
^1+ -
a+j/J-
2 (l+ a  \W) V [  4 { \ + a \  j p y i ^ ' ^ ^ '
(8.2)
and for the A’ -^inode :
2(] -)-I-4-.;A) 4(1 i^a-} }/])■- ■' '^ •^''1 d M -
... (8.3)
We next compare  ^ these two formulae (8.2). (8.3) with equations (4) and (.'5) 
deduced from tlie cou})led wave-e((uationK of Salia, Bancrjea and Gulia (10.51). 
From (7) it can 1m' easily slu)wn :
- ... (7.1)
Since )^, =  cos 0. we g('t :
votiO
_  />o“ 7 r “ V 7t *jp  12(1-l-'X-l-j/tf) ’  4(1 4-a+j/^)
Hence putting the value of in E<i. (4). we have
1
a + 7 r /]
?o® =  l +
H i + a + r n
7t -I- J t
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It is seen tliat the last expression for the square of conaplex refractive index agrees 
wltli Eq. (H.3). Sunilarly, it can be show'n that Eq. (5) agrees with (8.2). Hence 
Eqs. (4) and (5) sliould ho interchanged as follows :
and
I
-Zo" =  1-
C O U P L E D  W . W  E-E Q U A T I O N S  A N D  P R O P A C A T I O N
V E C T O R S
Saha et al (19.51) deduced the coupled wa\n'-eqnations (1) and (1.1) by 
starting from the following equations :
dn^
■KiEj.—jLEy =  0
and putting :
/ E ^
\jE„/
' COS (j) 
sin ^
-«in«4 \ /  •' \
cos <l> / \ W /
... (9)
.. (9.1)
. . .  ( 1 0 )
Using Eqs. (9), (9.1) and (10), it can be easily shown :
F"-t-[A'j co.s- <p \-K., sin-* <j> — '2L .sin (j) cos (f>) V
—[(A'j—A'a) sin^ cos^S-)- L{coh^ ^ -sin^ji)]IF =  0 
TF'+lA", sin^  cos ]-2Zv cos <p sin (j>\W
—[( A'j—A^j) sin ^ cos A(cos‘^  0 —sin* <j>)\ F — 0
where
V" =  V-2<l>W-<l>W-<l>-^V 
W" =  lF+295F+ji>-^i*lF
( 1 .2 )
(1.3)
( 11)
( l l .l )
The coefficients of the cross-terms in Eqs. (1.2) and (1.3) may be made to 
disappear by writing tan ^ =  G ±  l+O'^ a,s shown by Saha et nl. Hence there
are two values of tan ^ given by G +y'i+O '* and
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Lot us write :
tan r/—yq lp v *  ... (12)
tan a  \ y/\ +  (!-i . . . ( 12. 1)
We next rotate the co-ordinate system tlirougli a ('in])lex angle (jt-^  ■— tan~*/Jj. 
The equations (J.2) and (1.3) are then reduced to
cos  ^ A'.^  sin^^j—2A sin coh j^| =  0 ... (1.4)
«in‘^ 9ii+A"2 0os2^,-i-2L sin(6 cos(4,| W j-= 0 ... (1.5)
where
r / ' -  K - 2 0 , i r .
A’., eos(4i ! jE„ sin 0, 
ir, r= — E,. sin I jE„ cos
. . .  ( 1 1 .2 )
... (11.3) 
. . .  (2.1) 
... (3.1)
If w'e rotate' the co-<rdinate .system throngli a coin])le.\ angle 9';.^  — tatr*/>o then 
the equations (1.2) and (1.3) are reduced to
V'g f [A'j eos'^  94^ -f A'.2 .sin* —2/j sin 9^  ^cos ••• ('-^)
W".y\\Ki sin* cos- ^2 I - I  — ** ••• ('•' i
where
(11.4) 
... (11.5 
... (2 .2)
if"2 -  i r ,+ 29i2r „ - f^ 2i ’2-<A8-“W',,
1^ 2 =  Ej. cos 9^2 -sin 9^2 
lf’ .2 — - Ejf sin 9^ 2 ■!
It is shown in tlu' Ap]«»ndix that the following relations h<dd good :
A'j cos* 961-|-A’'2 sin® 9ii - 2A sin 9S1 008 9^ 1 — 1 — - — (Ix^  ••• ( -^ )^
A j cos* ^2 9^ 2  ^ =  S'o* "•
K i sin* 95i *|-Aj cos* 9^ 1 -f-2A sin cos 9^ 1 =  1 — =  2o* • • •
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A'j win* ^2 1- cos® <l>.yVlL sin <j>., (u>s \ — rt 2
A' !-/>,«.
... (4.2)
Henoe equations (1.4) and (1.5) should he oalle/l the (U)upled wave-equations for 
tlie X-and 0-inodes n'speetively aud can he written as :
■!-('//■ -0 i")f'i ~  201 IF,4-$iiTr, (for tlie X'-niode) 
(^1 1 (?o^  (for the 0 —inode)
when'
where
\\ (for the 0-mode)
H'.2 -- (for tlie X-mode)
It has boon shown in the ApyMMidix
IF, T^ 2 , IF2 -  -  F, =  ?i(«ay)
(I.H)
(1.9)
(2.3)Fj -  ^  ^j Pi^u_ (for the X —mode) 
V l - f
F'l — (for the 0- mode)
\ /i+ /> r
Similarly Eqs. (1.(5) and (1.7) can he rewritten as ;
'^"2+ (7o'^  ~  20.,1'F2-! (for the O-mod(') ... (1.10)
k W ->  * 20.2 F2- 0 ..F.2 (for the .V-mode) ... (1 .1 1 )
... (2.4)
... (3.4)
... (13)
Hence, using (13), the equations (l.S) (1.9), (1.10) and (1.11) can he eomhined into 
two coupled epuations : -
V^+(qT^-^^)V, -  20F „+0F „ (for the X-mode) ... (1.12)
- - 2 0  F * -0 F *  (for the 0-mode) ... (1.13)
where,
F* =  Fj =  —TF2 =  =  Propagation vector for the X-mode (2.5)
V i W
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^0 — ^^2 == W x = ^ ^  — IVopagation vector for the O-inode ... (3.5)
1 ^  ^  dpjdu
M  /v* !+/>•/
!i'\Px<>h
7o“ //' i
riiUK it iH evident tliat the eciiuitions (J) and (l.I) were incorrectly lal)ello(l as the 
L*oupl(‘<l Hav(‘-e(|uations for the 0-inod(‘ anej the X-modc respt‘ctively* It is 
' l^iown in the next section that the et^uations (I) and (1.1) lose all their signi- 
fi(*anee, if they ar(‘ called the (*oupl(‘d u'ave-eqmitions for tlu^  0- and X-modes 
resp(‘etively.
AV A V E -r () L A H J Z A T I () N
We start fi'oin tlu^  relations ;
j)y 7- /1/,
1)„ qOi,
... (14)
The following expressions for tlu» displa(*enient A^ eetor W(‘i*e deduced hy 8aha
el (d (1951).
From (14) and (15)
7>, -  jh E ,
Dgi =  K.jEff-^jLE,
q^-~Ki - jL ( f - k x \ j L
... (J5)
... (1«)
Hence from (J6)
..2 _  (A, +  A .,)+V (A', ! A%y^ - 4 (A ,A ,-A ‘')V - - - ... (17)
Prom (10) and (17)
AV- A , 
■ AV4 A, ±
^/(A, A\)^+4A^
(A.,- Kx) - 2jA
(16.1)
Taking the positive sign of Ea. (10,1)
E
E,
ir -E ,.  . /(K.,-Kx)-\-2jL
%-^E,. V  {K .y -K x)-2 jL
(16.2)
Since G =  {K^—K, )^j'lL we got :
P ~ 3
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Ey-\-E^ ^ G \ j
... (16.3)
rutting G =  A cos ijr, I =  A  sin ^  where A =  G- wa get from (16.3)
E,
E„
tanh jijf j'2 (16.4)
Since tan ijr — — —tan 20, we have
(r
E.
E„
- j  tan 0 - = -jf> (16.5)
The same Kq. (16.5) can lu‘ deduced by using the negativ(‘ sign of Eq.(l6.1).
There are two <lifferent values of />, viz. f>i — (t - \/\ | (f'’^  and fj., --- t/-)- 
y 'ld  G'^  and we liave
E.
E„
E..
JPi
Jfh
(16.6)
(16.7)
Let us now com})are the.se (‘(^nations (16.6) and (16.7) with the wc'll-known Apple- 
ton-Hartree formula (1927-29) for tiu wav^ e polarization in oi'der to as.soeiate 
eqs. (16.6) and (16.7) with th(> so-caII('d 0- and X- modes.
Using tlie right-handed eo-ordinate .sy.stem (Fig. U the Aj)pleton-Hartree 
formula for the wave-polarization in terms o f magnetic vector components (tan 
be WTitten as :
^  3 
7l 2(l | a+ jA  V  4(1-1 a | j^)2
+7x* (16)
where the direction of propagation of the radio wave is along the ^-axis. Tu 
J2qs. (18), (1().G) and (1().7) the sign of the charge has not been taken into consi­
deration.
In deriving the equations (16.6) and (16.7) the (JO-ordinate system of Fig. 
2 has been used. When eq. (18) is referred to the co-ordinate system of Fig. 
2, we have :
IK [
+,7i| 2 (l+ a 4 -j/i)  ' V  4 (l+ a -f j /5 )
7t* -\t7l (18.1)
C ou p led  W a v e  Equaliona in  M a g n eto -Io n ic  T h eo ry  3 5 5
OZ —► (Inection of the radio wave propu^atian.
(Jo-ordinate system (Appleton)
OH—> direction of the earth’s magnetic held. 
O X —► direction of the radio wave propagation.
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whore the dii-ection of propagation of radio-wave is along ^-axis. Hence for 
the 0-niode :
\ H , Jo r.7l
and for the X-mode :
_  J V
2(l+a-| m V 7 /4 (l-fa + i//) (18.2)
-  L
7i
7t^
2(l +  a ^ j/i)
7r^
4(1+ a  \3(^ y‘‘
... (18.2)
;/AV - we get from (IS.2) and (18.2)
j_ 7_t1 . -J '■ 7 / -17 = j ... (18.4) ^0 7l 2(l+ a"4 j//) V4(H
if) j7 l ‘i r r - fa l  j//) I-V4(1 1 H 7l^ ... (I8.b)
From (7.1) and (12) 
-jp i. =  ^r -V3
7l
7 t .-r -) 7,^4(1 [ a^-i/y)‘■‘
Since the above expression for —jf>i agrees with (18.4) we liuve for the 0-inode :
E , /n -JPi
Similarly for the X-node
A’.
E ^--Jp2
... (Ki.H)
... (1«.!>)
U ' -c
In view of Eqs. (16.8) and (16.9) it is seen from (2) and (2) that V and W are reduced 
to zero; hence the equations (1) and (1.1) lost! all their significance, if the.so wave 
equations (1) and (1.1) are associated with the 0- and X-mode nsspectiveJy.
R E L A T I O N  B E T W E E N  T H E  E L E C  T R I (J A N D  
M A (J N E T I 0 K I E L  D 8
We start from the eejs. of propagation of tim magnetic; vector (1947) :
du^
dm,
du^
f  -  0
£ +K^My+jLH^ =  0 ... (19)
and rotate the co-ordinate system (Fig. 2) tiirough a (iompl('x angle and put
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, cos <j)’ — sin (j)' , , Vii .
' ' sin^i' COSTS' ' ^Wb 'H
. . .  (20)
Using (19) and (20) it can he easily rfiown :
Vh+ cos2 0' - f  A'2 sin^  0' -  2 l  sin 0 ’ cos<f>'~
-[L(cos2 0 ' -  sin2 0')-j-(A’ ,-A '2 )s in 0 ' cos0'JH^a =  20'F h+0'PFh ... (19.1)
and
W h+ [A 'i sin2 0 '+ A'a c(.s2 0 '+ 2 i  sin 0' co.s 0 '-0 '" ] ir j ,
-[(A 'l A'2)cos0'sin0'-fA(cos2 0 ' -sin=‘ 0 ') ]r jy -= ~ 2 0 'F fl-0 'F fl ... (19.2)
Putting — O cot 2 0 'Eqs. (19.1) and (19.2) are reduced to
Tfl-l f A"j cos  ^0 '- f  A'2 sin^  (j)'—2L sin 0 ' co 1 0'-- 0''*] i'//
-  20'TFa-|-0'TFa .. (19.3)
and,
where,
\Vjj-\ \Ki sin- 0'+A'a ’^**'^ * 0 '- f  2/> sin yV cos 0' —0'^]H'//
=  -2 0 'lV -0 'H 'f f
F/f =- cos0 '-f//j. sin 0' 
i r „  -  -  jlly  sin f+ H ^  cos 0'
.. (19.4)
. . .  (2.6) 
... (3.6)
Putting —P«t20 Eqs (1.2) and (1.3) can be written as :
and
J>_j-|Ji'j cos® 0 + A’ „ sin® 0 —2A sin 0 cos 0 —0®]F — 20 H'4 ... (1.12)
IF+[A 'i sin® 0 + A’g cos® 0 -f 2L sin 0 cos 0~ 0® ]F =  --2 0 T '-0 F  ... (1.13)
Since 0 — 0', avc get from (1.12), (1.13) and (19.3), (19.4)
F =  Vji and W =  Wjj
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1.0,
cos </>+jffy (p ~  jHy cos sin (p
—Ej, sin p+jEy cos p — —jHy sin (p-j H^ cos<p 
From (21)
H , ^ _ E y  
Hy E,
A P P E N ]) J X
tan =  Pi — G~\/l+G-
, y ,  Pl^  ” 1cos 2<pi — — ' ------ G
/V + l  -v /l+ ^
tan ^2 ~  Pz ~  ^
Gcos 2(p,^  =  — £^5— J =  — ___
Now,
cos^  02  ^ ^ 2 p^—2L sin 02 cos 02
=  — (A' l—A'a) (!Os 2 ^2—Lshi 2^ Ja 
Since, (Ki—K ^jiL  =  6' — —cot 25J2
1' ( ‘+ fo iW J + 4 * '( ‘- e « k )
Using (iv), (i) and (iii)
_  A > i+ A V ij _  A>J^ AVa
26/ fh+Pi
Now putting
and
Ai =  ] - ^ i  where v4i =  ,^ f(y?'2-r/?')-w«*]c
i f2 =  l - “ -42 where =  ~c
(21)
(i)
(ii)
(iii)
(iv)
(V)
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We get
Pi^ Th"
We have alst) :
. . .  (V i)
fj, (*■  /t'hh ...  ( v i i )
Using (v) and (vii)
(viii)
2/. V /” (.„(r ji') (ix)
Using (ix), (v), (i). (ii)
Using (x), (vii), (viii)
-l,/.,± .v>=  _ .  f  I ^
f h r f h
Pi ' Pi Pi '^ i^
Henco
7 “ = cos“^ j, ■ ^^i 2L  sin
r— J— - — s([uaro of the complex Ivofractive Index
for the O-mode.
This is the same as Eqn. (5.1),
Similarly Eqs. (4.1), (4.2) and (5.2) can he deduced.
From Eqs. (i) and (iii), we get ... (xi)
Hence using (xi), (3.1) and (2.2)
\\\ =-■ V,
and using (xi), (3,2) and (2.1)
Using (12) and (J2.1)
^
R E F K K E N C E S
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